Arguably this is better written as
where c is an arbitrary constant. This sort of conditional answer tends to make further calculation messy. Ideally we want a single formula upon which we can potentially carry on our computation. Hence, we might prefer a result such as
This is correct, [8] , but is likely to be very confusing to all but the most sophisticated user. An alternative is to ask the user if k = -1, but this stalls automatic calculation. Furthermore, if k is itself an arbitrary constant generated automatically and internally from some previous step the question 'is k = -1 ?' may be utterly confusing. So (1) is certainly the truth, but is not the whole truth! Surely, objections such as these can be resolved through good design, and an interesting catalogue of similar issues is given by [10] . For now they remain real, and a source of potential errors for users.
I fully support the call for an increased emphasis on modelling, rather than on fluency of computational technique. I constantly have to remind myself when teaching that the subject is all about problem solving, not about only tidy, well presented knowledge and the practice of tutorial examples or exercises. However, very few problems can be solved exactly. Perhaps these constitute the 'well prepared surface' on which our students are to drive their mathematics as they gain confidence and competence. Real problems are messy. Making choices in modelling requires a deep knowledge of the sorts of models which are likely to produce fruitful results. I wrote about this recently, with some examples, [9] . The example I suggested in a recent meeting is the 'square trammel' .
Constrain the opposite corners of the unit square to be on the x and y axes respectively. What are the loci of the other two corners?
An experiment with GeoGebra strongly suggests that the loci are segments on the lines y = ±x centred at the origin, of length 2√2. Does this constitute an answer?
Let us model this problem algebraically by assuming the unit square APBQ has corners with coordinates A = (a, 0), B = (0, b) and P = (x, y). The constraints are
The goal is to find (x, y). 
which is equivalent to the original system. From this we isolate the equation in only x and y, which gives us our expected solution
Does this calculation constitute an answer? Again, this is the truth, but not the whole truth, since the correct answer to the constrained real problem is a segment. While the segment is part of the line, not all the points on the line correspond to legitimate positions of the real square. So what is going on? What is the algorithm calculating? Is, for example, an underlying assumption that all variables are complex, giving us too many solutions? Are we really confident that the system has given us all solutions or only some of them? The mathematician's concerns over existence and uniqueness of solutions is precisely to ensure complete and correct results are obtained.
This is certainly the kind of problem which is simple to state and once a reasonable experiment is done the correct answer readily suggests itself. The CAS calculation is routine. Of course, we have behaved in a sophisticated way. However, I would venture to suggest that similar problems ought to be something which are accessible to later years of school mathematics if we reduce the emphasis on computation as an educational goal. While there may be other ways to solve this problem 1 , to derive this answer in an algebraic way we have needed to do the following.
Use the Pythagorean theorem to model this situation.
Understand that 'solve' means eliminate a, b, and expect to be able to achieve this.
Technical knowledge of how to use the CAS.
An ability to interpret the output to isolate the solution.
If we throw out calculation, and include more modelling, then presumably these are exactly the kinds of critical judgments we would expect students to become adept at rather than performing heroic calculations by hand? It all, of course, depends on what you want, and what you think constitutes the nature of the subject. This won't be the same for all groups at all moments, but it does raise the question: what is the point of the activity?
Getting an answer.
Understanding and explaining why the answer is true.
Understanding the limitations of the answer or method.
When the purpose of the activity includes more than just getting the answer, then I feel very let down by current CAS technology. Too much is done for me, and I have few, if any,
2.
3.
The truth, nothing but the truth... but not the whole truth! -Chris Sangwin (1615--1660) , see [7] for more details of the Gröbner basis approach, [3, 47] in which a geometric proof is presented, and also [11] . Having written some software I know that such an interface will be significantly more difficult to write than the algorithms which underlie them. Of course, if I could have written such an interface myself, I probably would have done so already! I may simply be asking for something impossible. Nevertheless, current CAS are still not giving me easy access to the whole truth. There is a more serious objection to the proposal to open up the CAS: the algorithms actually used are not those you learn as tutorial examples! Again, we are hidden from the whole truth. One stark example is the algorithm used in symbolic integration, [6] . Even where some CAS do show "steps" in working, these packages are additional to the algorithms underlying the actual CAS. The number of people who really need to understand all workings of this algorithm is minuscule compared to those who will need to obtain a symbolic anti-derivative of a particular expression. So should we just throw this out, and let the machine do the work anyway?
Arguments about the use of technology when teaching mathematics are at least 375 years old.
"That the true way of Art is not by Instruments, but by Demonstration: and that it is a preposterous course of vulgar Teachers, to begin with Instruments and not with the Sciences, and so instead of Artists to make their Schollers only doers of tricks, and as it were Juglers: to the despite of Art, losse of presious time, and betraying of willing and industrious wits unto ignorance and idlenesse." [5] On the other hand... "All are not of like disposition, neither all (as was sayd before) propose the same end, some resolve to wade, others to put a finger in onley, or wet a hand: now thus to tye them to an obscure and Theoricall forme of teaching, is to crop their hope, even in the very bud." [2] I don't believe we need to be 'good at integration' for any practical purposes. Just as we threw away our slide rules, we can throw out much of the nineteenth century techniques of integrating by hand. I already have: I use tables and a CAS when integrating in anger but we must keep the underlying important techniques in mind. These include integration by substitution and integration by parts. I would expect my students to be able to complete reasonable examples by hand in the traditional way. Not because the answer is important anymore, but because the understanding they generate is key, in its own right and in subsequent mathematics. Mathematics is unusual in the extent to which Without facility in one level progress is impossible. Of course facility is a long way short of mastery, and indeed it is argued that the way to gain facility is to move ahead and start to use the 'level' below. For example, you get a lot of practice with integer calculation when you perform algebra with polynomials: [4] . So progress is not a linear journey and is not simply a matter of assembling a portfolio of isolated mechanical skills in a rote manner. Perhaps we can jump to the last stage more quickly by typing a problem into a CAS, without facility with all the intermediate steps, but I sincerely doubt it.
What might an examination question look like under these circumstances? It is clear that access to computational tools in examinations would enable a much broader range of applied mathematics questions to be tackled, including statistics with real data. But what about pure mathematics? I am not in a position to suggest examination questions for school, mostly because I am not sufficiently familiar with what is possible with school level students. However, for first year university examinations the following is perhaps one potential example. Find ∫sin(t) cos(t)dt in three different ways. In each case express the answer as powers of sin(t), not as multiple angles.
However, we have just decided to throw out integration techniques, so another question might look like the following:
Find the equation of the tangent line to p(x) at x = 2.
Find the remainder of p(x) on division by (x -2) 2 .
Expand p(x 2). Let q(x) be the truncation of this by removing all terms with powers greater than 1. Expand q(x 2).
What do you notice about the answers to (1), (2) and (3)? Why is this true?
At least here the computation is certainly not the point of the question. Indeed, hand calculation would take quite a long time and would be error prone. Thus some students would have nothing to 'notice' in (4), and would simply be confused. Furthermore, if a CAS is available the conjecture could be tested with other functions to perform a mathematical experiment. Of course, the real pure mathematics work comes in (4). A supplementary question 'for what other functions is this true?' would be a significant mathematical challenge, with an interesting historical precedent.
I think the issue of examination questions in an environment where computation is not the focus is difficult and of the upmost importance. The challenge, of course, is striking the most productive balance between the extreme and artificial positions of CAS = good vs CAS = bad.
